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���555���êêê´́́ïïïÄÄÄ���555���mmm999ÙÙÙ���555���mmmþþþ������555CCC
���������§§§.

�<*::

���555���êêê´́́ïïïÄÄÄÝÝÝ


nnnØØØ!!!���555���mmm999ÙÙÙ���555���mmm
þþþ������555CCC���������§§§.

�§SNµ

I �ê: Ý
�1�ª

I AÛ: �5�m��5C�

I Ýþ�m: SÈ�m�C�

ÝÝÝ


nnnØØØ������555���mmm999CCC���;;;������ëëë���



�5�§|

���555���§§§|||���)))888⇔ ppp������mmm���²²²¡¡¡������888

⇔ ���555���mmm999ÙÙÙ²²²£££

Example

~~~1 n����IX¥, n�²¡

aix+biy+ ciz+di = 0, i = 1,2,3

��u�^���¿�^�´�o?

))): þã¯K�du�5�§|k), �éAàg�§|)
�m´��, Ïd�d^�´

rank

a1 b1 c1 d1
a2 b2 c2 d2
a3 b3 c3 d3

= rank

a1 b1 c1
a2 b2 c2
a3 b3 c3

= 2.



1�ª

111���ªªª⇔ ²²²111õõõ¡¡¡NNN���kkk���NNNÈÈÈ

111���ªªªdet(A)⇔ ���555CCC���y = Axccc���«««���NNNÈÈÈ���'''

Example

~~~2 ¦��¶�á�¶©O�a,b�ý�E�¡È.

))) E�±dü �ÏL�5C�x′ = ax,y′ = by��, �ý

�¡È�π ·det
(

a 0
0 b

)
= πab.

Example

~~~3 õ�¼êÈ©��úª.

))) ∫∫
D

f (x,y)dxdy =
∫∫

D′
f (x(u,v),y(u,v))det(J)dudv.



1�ª

Example

~~~4 det(AB) = det(A)det(B)�AÛ¿Â.

))). P1¡È�1, P2¡È�det(A), P3¡È�det(A) ·det(B).
,��¡, �5N�A�B�EÜN�òP1N�P3, �P3�¡
È�det(AB).

P1 -A

�
�
�
�

�
�
�
�

P2 -B

@
@

@
@

@
@

@
@

P3



1�ª

Example

~~~5 Cramer{K(n=3)�AÛ)º.

))). 
a11x1 +a12x2 +a13x3 = b1

a21x1 +a22x2 +a23x3 = b2

a31x1 +a32x2 +a33x3 = b3

a1x1 +a2x2 +a3x3 = b.

ü>:¦a2×a3 �

a1 ·a2×a3x1 = b ·a2×a3.

u´

x1 =
b ·a2×a3

a1 ·a2×a3
=

det(b,a2,a3)

det(a1,a2,a3)
.



Ý
¦{

ÝÝÝ


A ⇔ êêê|||���mmmþþþ������555NNN���y = Ax.

ÝÝÝ


¦¦¦{{{ ⇔ ���555NNN������EEEÜÜÜ

A ∈ Fm×n⇔A : y ∈ Fn→ Ay ∈ Fm

B ∈ Fn×p⇔B : x ∈ F p→ Bx ∈ Fn

C = AB ∈ Fm×p⇔A ◦B : x ∈ F p→ (AB)x ∈ Fm

Ý
¦{$�5K—N��EÜ5K(AB 6= BA, AB = 0 Ø
UíÑA = 0½B = 0).



Ý
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Example

~~~6 ´Ä�3¢�
A÷vA2 =−I?

))):

−I =
(

cos(π) sin(π)
−sin(π) cos(π)

)
—–^=π�^=C�

P =

(
cos(θ) sin(θ)
−sin(θ) cos(θ)

)
, Pn =

(
cos(nθ) sin(nθ)
−sin(nθ) cos(nθ)

)
-

A =

(
cos(π/2) sin(π/2)
−sin(π/2) cos(π/2)

)
=

(
0 1
−1 0

)
=÷v�¦.



Ý
��

�A ∈ Fm×n.

I A�111���mmm R(A)—1�þ)¤��m.

I A�������mmm C(A)—��þ)¤��m.

I A�"""���mmm N(A) = {x ∈ Fn |Ax = 0}.
K

rank(A) = dimR(A) = dimC(A) = n−dimN(A).

^A L«AéA��5N�. K

rank(A) = dim(ImA ) = n−dim(KerA ).

"�m���m�ê�m�'X:

dimV = dim(KerA )+dim(ImA ).

�5�§|Õá�§��ê,



Ý
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Example

~~~7 �A ∈ Fm×n, B ∈ Fn×p. y²

rank(A)+ rank(B)−n≤ rank(AB)≤ rank(B).

yyy²²².

PB�1�þ�b1, . . . ,bn, A = (ai j). K

rank(B) = dimR(B) = dim〈b1, . . . ,bp〉,

C = AB�1i1�ci = ∑
n
j=1 ai jb j, i = 1,2, . . . ,m. �

〈c1, . . . ,cm〉 ⊂ 〈b1, . . . ,bp〉

l

rank(AB) = dim〈c1, . . . ,cm〉 ≤ dim〈b1, . . . ,bp〉= rank(B).



Ý
��

.

ey: rank(B)− rank(AB)≤ n− rank(A). ^A , BL
«A,BéA��5N�.

F p B−→ Fn A−→ Fm.

P ˜A := A |ImB. dIm( ˜A )⊂ ImB =�rank(AB)≤ rank(B).
,��¡

dim(Ker ˜A ) = dim(ImB)−dim(Im ˜A ) = rank(B)− rank(AB)

w,, Ker ˜A ⊂ KerA . �ddim(Ker ˜A )≤ dim(KerA ) =�
�y.



�5C�

�5C�: A (λα +µβ ) = λA α +µBβ .

�5C��AÛ¿Â: �5C�ò��N����, ²1�
�N��²1��—^=!� !��!���.

�Ä�I²¡þ�C�

x′ = x+0.1y, y′ = 0.2x+ y.



A���A��þ

A���A��þ: A α = λα.

A��þα—C�c��±ØC���; A��λ—-÷A�
��C��� '~.

�5C�òã/÷eZ��?1
� (\��).



A���A��þ

I ��C�—�±ÝþØC—fNC�—A����7
�1.

I é¡C�—3�p���A����� \��.

Example

~~~8 �5C�y = Axòü �C�ý�, ùpA =

(
1 1
1 2

)
.

Ký��á�¶��Ý´õ�? ý��¡È´õ�?

))) Ý
A�A���λ1,2 = (3±
√

5)/2. �ý��á�¶�
�Ý©O�λ1,λ2. ý��á¶���©O�éAA��
þx1,2 = (1,(1±

√
5)/2)T . ý�¡Èπ det(A) = π.



Ý
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���---IIIOOO///: �A ∈ Fm×n, K�3m��_�
P9n��_
�
Q÷v

PAQ =

(
Ir O
O O

)
,

ùpr = r(A)´Ý
A��.

AAAÛÛÛ¿¿¿ÂÂÂ: �5N�A : U →V3U,V�,�é
ÄB1 = {α1, . . . ,αn} 9B2 = {β1, . . . ,βm} e�Ý


�

(
Ir O
O O

)
, =

A αi = βi, i = 1,2, . . . ,r, A αi = 0, i = r+1, . . . ,n.

u´

ImA = 〈β1, . . . ,βr〉, rank(A ) = r = dim(ImA ).



Ý
IO/

���qqqIIIOOO///: �A ∈ Cn×n, K�3�_�
P÷v

PAP−1 = J

ùpJ´A�JordanIO/.

AAAÛÛÛ¿¿¿ÂÂÂ: �5C�A : V →V3V�,�|Ä
B = {α1, . . . ,αn} e�Ý
�J, =

A (α1, . . . ,αn) = (α1, . . . ,αn)J.



Ý
IO/

���ÜÜÜIIIOOO///: �A�n�é¡�
, �r(A) = r. K�3n��
_�
P÷v

PAPT = D = diag(a1, . . . ,ar,0, . . . ,0),

Ù¥ai 6= 0, i = 1,2, . . . ,r. AO/, eA�¢é¡�½�
,
K

PT AP = In.

AAAÛÛÛ¿¿¿ÂÂÂ: é¡V�5¼ê f : V ×V → F3V�,�|Ä
B = {α1, . . . ,αn} e�Ý
�é�
D, =

f (α,β ) = a1x1y1 + . . .+arxryr,

ùp(x1, . . . ,xn)
T�α3ÄBe��I, (y1, . . . ,yn)

T�β3
ÄBe��I, 0 6= ai ∈ F .



Ý
IO/

���������---IIIOOO///: �A ∈ Rm×n, K�3���
O1,O2÷v

O1AO2 =

(
Λ O
O O

)
,

Ù¥Λ = diag(σ1, . . . ,σr), σ1 ≥ . . .σr > 0�A�ÛÉ�.

AAAÛÛÛ¿¿¿ÂÂÂ: �5N�A : U →V3î¼�mU,V�,�éI
O��ÄB1 = {α1, . . . ,αn} 9B2 = {β1, . . . ,βm} e�Ý


�

(
Λ O
O O

)
, =

A αi = σiβi, i = 1,2, . . . ,r, A αi = 0, i = r+1, . . . ,n.

u´Aòαi, i = 1, . . . ,rC��p���þ|, Ù���σi,
i = 1, . . . ,r. Ó�k

ImA = 〈β1, . . . ,βr〉, rank(A ) = r = dim(ImA ).



Ý
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���������qqq/���ÜÜÜIIIOOO///: �A�n�¢5��
, K�3��
�
O÷v

OAO−1 = diag
((

a1 −b1
b1 a1

)
, . . . ,

(
as −bs

bs as

)
,λ2s+1, . . . ,λn

)
,

Ù¥λ1 = a1 + ib1, . . . ,λs = as + ibs,λ2s+1, . . . ,λn �A�A�
�. AO/, ¢é¡�
���Üudiag(λ1, . . . ,λn), λi ∈ R
�A �A��.

AAAÛÛÛ¿¿¿ÂÂÂ:

I ��C�´^=!��C��EÜ;

I é¡C�´÷�p������ !��C��EÜ;

I 5�C�´÷�p������ !^=9��C�
�EÜ.



Ý
IO/

5�C�⇔ 5�Ý


��C�⇔ ��Ý


é¡C�⇔ é¡Ý


A´Vþ5�C�. KV�±©)�2�91�ØCf�m�
Ú⇔ 5��
���ªIO/

�W´î¼�mVþ5�C�A�ØCf�m. KW⊥ �
´A �ØCf�m⇔ Oþn�
A�5��
��=
�A�Oé�
.



Ý
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Example

~~~9 �A�n�. y²: �3�_�
P¦�(PA)2 = PA.

yyy²²².

�A : V →V´3,�éÄe�AéA��5N�. K�
3V ��éÄα1, . . . ,αn 9β1, . . . ,βn ¦�

A (α1, . . . ,αn) = (β1, . . . ,βn)

(
Ir O
O O

)
.

-P ´deª½Â��5N�:

P(β1, . . . ,βn) = (α1, . . . ,αn).

KP�_, �

PA (α1, . . . ,αn) = (α1, . . . ,αn)

(
Ir O
O O

)
.



Ý
IO/

.

?

(PA )2(α1, . . . ,αn)=PA (α1, . . . ,αn)= (α1, . . . ,αn)

(
Ir O
O O

)
dd, (PA )2 = PA , =�3�_�
P¦�(PA)2 = PA.



Ý
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Example

~~~10 �A,B ∈ Fm×n, rank(A) = r, rank(B) = s, ùpr+ s≤
min(m,n). y²: rank(A+B) = rank(A)+ rank(B) �¿©7
�^�´, �3m��_�
P�n��_�
Q¦�

PAQ =

(
Ir O
O O

)
, PBQ =

(
O O
O Is

)
.

yyy²²².

-A ,B : U −→V ´3,�éÄe�A,BéA�5N�, K

Ker(A )∩Ker(B)⊂ Ker(A +B)⇒
dim(Ker(A )∩Ker(B))≤ dimKer(A +B)⇒
dim(Ker(A )+dimKer(B)−dim(Ker(A )+Ker(B))

≤ dimKer(A +B)⇒



Ý
IO/

.

ddim Im(A +B) = r+ s,

n− r+n− s−dim(Ker(A )+Ker(B))≤ n− (r+ s)⇒

dim(Ker(A )+Ker(B)) = n⇒ Ker(A )+Ker(B) =V.

-U2 = Ker(A )∩Ker(B), K�3f�mU1,U3 ÷v

Ker(A ) =U2⊕U3, Ker(B) =U1⊕U2.

u´U =U1⊕U2⊕U3, �

dimU1 = r, dimU2 = n− r− s, dimU3 = s.

©O�U1,U2,U3��|Ä{α1, . . . ,αr}, {αr+1, . . . ,αn−s},
{αn−s+1, . . . ,αn}. -βi = A αi, i = 1, . . . ,r, βi = Bαi+n−m,
i = m− s+1, . . . ,m. K



Ý
IO/

.

Im(A ) = 〈β1, . . . ,βr〉, Im(B) = 〈βm−s+1, . . . ,βm〉

dr(A+B) = r(A)+ r(B) ��,

Im(A +B) = Im(A )⊕ Im(B).

�βi, i = 1, . . . ,r,m− s+1, . . . ,m�5Ã', òÙ*¿�V�
�|Äβi, i = 1,2, . . . ,m. K

A (α1, . . . ,αn) = (β1, . . . ,βm)

(
Ir O
O O

)
,

B(α1, . . . ,αn) = (β1, . . . ,βm)

(
O O
O Is

)
.



JordanIO/

�A ´�5�mVþ��5C�. K

V =W1⊕W2⊕ . . .⊕Ws, Wi´A�ØCf�m⇔

�
A�quOé�
diag(A1,A2, . . . ,As)

Ù¥Ai�A |Wi3,|Äe�Ý
, i = 1,2, . . . ,s.

(���mmm111���©©©)))½½½nnn) ��5C�A�A�õ�
ªφ(λ ) = (λ −λ1)

n1 · · ·(λ −λs)
ns . K

V =W1⊕W2⊕ . . .⊕Ws,

Ù¥Wi = Ker(λiI −A )ni �A��f�m, �A |Wi �A�
õ�ª�(λ −λi)

ni .

éA�ê: ?¿E�
A�quOé�

diag(A1,A2, . . . ,As), �Ai�A�õ�ª�(λ −λi)

ni .



JordanIO/

(���mmm111���©©©)))½½½nnn) �Wi´�5C�A �áuA��λi�
�f�m. K

Wi =Ci1⊕Ci2⊕ . . .⊕Ciki ,

Ù¥Ci j �(A −λiI )|Wi�Ì�f�m.

éA�ê: �
Ai�quOé�
diag(Ji1,Ji2, . . . ,Jiki), Ù
¥Ji j �Jordan¬Ý
.



JordanIO/

Example

~~~11 �A�üX�
, =A�A�õ�ª�u��õ�ª.
y²: �A¦{����
Bþ�±�¤A�õ�ª.

yyy²²².

�A ,B : V →V ´3,|Äe�A �B éA��5C�.
dA�A�õ�ª�u��õ�ª�, V = C[A ]α ´d�
þα)¤�Ì�f�m. dBα ∈V = C[A ]α �, �3õ�
ª f ¦�Bα = f (A )α. éV¥?¿�þβ = g(A )αk

Bβ = Bg(A )α = g(A )Bα

= g(A ) f (A )α = f (A )g(A )α = f (A )β .

�B = f (A ), lB = f (A).



Schmidt��z

Schmidt������zzz: lî¼�m��|Äα1, . . . ,αnÑu�±
�E�|IO��Äβ1, . . . ,βn, =

(β1, . . . ,βn) = (α1, . . . ,αn)T,

Ù¥T�þn�
, �é��þ��.

Example

~~~12 (ÝÝÝ


���QR©©©)))) �A�n�¢�_�
, K�3��

Q9þn�
R÷vA = QR.

))): éA���þa1, . . . ,an ��z���|IO��
Äe1, . . . ,en. PQ = (e1, . . . ,en), K�3þn�
T÷
vQ = AT , u´A = QT−1 = QR. R�þn�
.



éóÄ

�α1, . . . ,αn ��5�mV��|Ä, f 1, . . . , f n�ÙéóÄ,
= f i(α j) = δi j.

�β1, . . . ,βn ��5�mV�,�|Ä, g1, . . . ,gn�Ùéó
Ä, =gi(β j) = δi j.

�{α1, . . . ,αn} �{β1, . . . ,βn} �LÞÝ
�A,

K{g1, . . . ,gn} �{ f 1, . . . , f n} �LÞÝ
�AT .
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